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ABSTRACT
Reduction of skin-friction drag in a channel flow by traveling wave-like surface heating/cooling is investigated by
means of linear analysis and direct numerical simulation.
The linear analysis reveals that a downstream traveling wave
can reduce the skin-friction drag. Due to non-quadrature
between the streamwise and the wall-normal velocity disturbances induced by the buoyancy force, non-zero Reynolds
shear stress is created in the regions near the walls, which
contributes to the skin-friction drag reduction. The direct
numerical simulation shows that a traveling wave at a high
wavenumber slightly reduces the friction drag in a fully developed turbulent channel flow. The velocity fluctuations
and the Reynolds shear stress are slightly attenuated by this
control. The friction drag increases for larger magnitudes
and lower wavenumbers of the traveling waves. Non-zero
mean temperature profile is created due to the turbulent
heat flux induced by the control.
INTRODUCTION
Reduction of the skin-friction drag is of great importance
for energy utilization, because the friction drag increases in
the turbulent flow and it contributes to e.g., about 50, 90
and 100 % of the total drag in commercial aircrafts, underwater vehicles and pipelines, respectively (Gad-el-Hak,
1994). Since 1990’s, different control methods for the skinfriction drag reduction have been proposed, e.g., polymer
additives (White and Mungal, 2008), wall oscillations (Karniadakis and Choi, 2003), riblets (Choi et al., 1993) and
blowing/suction from the walls (Choi et al., 1994).
Because the quasi-streamwise vortex in the region near
the wall exchanges the momentums, the skin-friction drag
and the Reynolds shear stress (RSS) increase significantly
in wall-bounded turbulent flows. In fact, there is an identity
equation relating the RSS and the skin-friction (Fukagata et
al., 2002; Bewley and Aamo, 2004). For a fully developed
channel flow, the identity equation for the dimensionless friction drag, D, reads,
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Here, the Reynolds number, Re = Uc δ/ν, is defined based

on the centerline velocity, Uc , and the channel half-width,
δ, −u0 v 0 is the RSS and y is the wall normal coordinate
extending from y = −1 (lower wall) to y = 1 (upper wall).
This equation indicates that the skin-friction drag is divided
into the laminar contribution, Dlam = 2, and the drag increment, ∆D, which is the integration of the y-weighted RSS.
Friction drag below the laminar level is achieved if ∆D < 0.
Based on the implication of this identity equation, Min et
al. (2006) proposed a new predetermined control method, by
which large drag reduction effect can be achieved without using any sensors. In their method, the local blowing/suction
velocity from the walls, vw , is given as
vw = acos (k(x − ct)) ,

(2)

where x and t denote the streamwise coordinate and the
time, respectively. The parameters, a, k and c, represent
the amplitude, the wavenumber and the wavespeed of the
traveling wave. Min et al. (2006) predicted the amount of
drag reduction by coupling the linear analysis and Eq. (1),
as shown in Fig. 1. The friction drag was reduced (∆D <
0) by upstream traveling waves (c < 0) and in such cases
negative RSS (if the RSS in ordinary turbulent channel flows
is called positive) is created in the regions near the walls.
Min et al. (2006) also confirmed the drag reduction effect in
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Figure 1: The drag increment, ∆D, as a function of
wavenumber, c by the traveling wave-likes surface blowing/suction control of Min et al. (2006) reproduced by
Mamori et al. (2008). The Reynolds number is Re = 2000
and the waveamplitude of the traveling wave is a = 0.1.

a fully developed turbulent channel flow by means of direct
numerical simulation (DNS).
Although the traveling wave-like surface blowing/suction
of Min et al. (2006) is an effective control for the drag reduction, it is difficult to fabricate such a blowing/suction device
in practice. As an alternative, we propose here a similar
control method using a traveling wave-like heating/cooling
of the walls. With this method, the buoyancy force is expected to induce the fluid motion like blowing/suction in the
region near the wall. The traveling wave-like heating/cooling
device requires stripped heaters and coolers, which can
be fabricated more easily than the blowing/suction device.
As a drag reduction technique using the buoyancy force,
Yoon et al. (2006) proposed the periodically arrayed heating/cooling in a fully developed channel flow which produces
similar effects to the spanwise wall oscillations. They could
achieved 35% drag reduction by an optimum strip size of
heating/cooling array.
The objective of the present study is to investigate the
possibility of skin-friction drag reduction by the abovementioned traveling wave-like surface heating/cooling. Linear analysis and direct numerical simulation are used to compute the velocity fields in a laminar flow and a fully developed turbulent flow, respectively, and the drag is computed
by using the identity equation (1). Effects of wavenumber,
wavespeed, and amplitude of the traveling wave are also investigated.
LINEAR ANALYSIS

Solution Techniques
A two-dimensional channel flow is considered. The governing equations are the two-dimensional and incompressible
continuity, Navier-Stokes and energy equations. Figure 2
shows the flow geometry, the coordinate systems and the
control input. All the quantities are made dimensionless by
using the centerline velocity, Uc , the channel half-height,
δ, and the temperature amplitude of the traveling wave,
∆T . The velocity components in the x∗ (streamwise) and
y ∗ (wall-normal) directions are denoted as u and v, respectively. The pressure and the temperature are denoted as p
and T , respectively. The asterisk denotes the position on the
fixed coordinates. The base flow, U , is set to be the laminar
Poiseuille profile, i.e., U = 1 − y ∗2 .
The periodic boundary condition is employed in the
streamwise direction and the no-slip condition is employed
at the walls. As a control input, the wall temperature is
given as a traveling wave-like surface heating/cooling, which
reads,
Tw± = ∓ cos (k∗ (x∗ − ct∗ )) ,
(3)
where Tw+ and Tw− are the wall temperatures at the upper
and the lower walls, respectively. Hereafter, the temperature
is made dimensionless by using the temperature amplitude
of control input, ∆T .
The problem can be reduced into a steady problem by
introducing a coordinate transformation from the fixed coordinates to the coordinates traveling with the wave i.e.,
x := x∗ − ct∗ , y := y ∗ , t := t∗ (Javanovic et al., 2006). The
unsteady term of incompressible Navier-Stokes equation on
the fixed coordinates reads
∂
∂
∂
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Because the system can be assumed steady in this moving
coordinates, the first term in the right hand side of Eq. (4)
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Figure 2: Flow geometry, coordinate system and the traveling wave-like surface heating/cooling as the control input.
is eliminated. The boundary condition (Eqs. (3)) in the
moving coordinates reads
Tw± = ∓ cos (kx) .

(5)

The governing equations are linearized: u = U + u0 ,
v = v 0 , p = P + p0 and T = T 0 are substituted into the
governing equations and the higher order terms of disturbances are neglected. Here, U and P denote the velocity
and pressure of the base flow, respectively, and the prime
denotes the disturbance component. The linearized disturbance equations are expressed as
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Here, Re, Pr and Ri are the Reynolds, Prandtl and Richardson numbers, respectively. The third term of the right
hand side in Eq. (8) is the buoyancy force term which is
incorporated by using the Boussinesq approximation. The
temperature is assumed to be a passive scalar so that Eq. (9)
can be solved independently.
Due to the periodic condition in the streamwise direction, the Fourier transformation can be applied for f =
(u, v, p, T )T as
“
”
f 0 = Real fˆ(y)exp(ikx) ,
(10)
where the hat denotes the Fourier coefficient. In the wallnormal direction, the Fourier coefficients are discretized by
using the Chebyshev collocation points method and the
Chebyshev differential matrix of a MATLAB function (Weidman and Reddy, 2000), is applied for the y-derivative operators. The node number is set to N = 128, which was found
to be sufficient in terms of node dependency. As a result
of these transformations, Eq. (9) is expressed as a system
matrix equation for the discretazed temperature, T̂,
A1 T̂ = b1 ,

(11)

where, A1 is the system matrix, b1 is the vector including
the temperature boundary condition. The solution to this
matrix equation is easily obtained by T̂ = A−1
1 b1 and the
spatial distributions of T 0 is computed by applying the inverse Fourier transform to the solution. The distribution of
the buoyancy force is obtained by the substituting temperature distribution to the buoyancy force term in Eq. (8).
Because Eqs. (6)-(8) are also linearized, the Fourier
transformed system is expressed as a matrix equation,
Aq̂ = b,

(12)
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Figure 3: The drag increment, ∆D, as a function of
wavenumber, c, at Re = 2000 and Ri = 0.0945.
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Figure 5: Contour plots of disturbance components by the
traveling wave for c = 0.27 and k = 1.5; (a) T 0 , (b) v 0 , (c)
u0 and (d) −u0 v 0 . The line increments are 0.15, 0.001, 0.005
and 0.00002 for T 0 , v 0 , u0 and −u0 v 0 , respectively. The black
is the positive value and gray is the negative value.
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Figure 4: Profile of the Reynolds shear stress at k = 1.5,
Re = 2000 and Ri = 0.0945.
where A is the system matrix, q̂ = (û, v̂, p̂) is the discretized
Fourier coefficient vector of the velocity, pressure and b is
the vector including the Fourier transformed buoyancy force
distribution.
The solution to this matrix equation is similarly obtained
by q̂ = A−1 b and the spatial distributions of u0 , v 0 and
p0 , are computed by the inversed Fourier transform to the
solution. Finally, ∆D is computed by using Eq. (1). With
this method, we can predict the drag increment (which is
essentially the nonlinear effect) from the linear solution.
Results and discussion
The control effect is evaluated by the computed drag
increment, ∆D. The nondimensional numbers are set at
Re = 2000, Pr = 0.71 (air) and Ri = 0.0945, which correspond to the temperature amplitude of the traveling wave
at 3 K in a channel flow with δ = 10 cm and Uc = 0.3 m/s.
Figure 3 shows ∆D as a function of the wavespeed, c.
This figure indicates that at k = 1.5 the drag reduces for
−0.2 < c < 0.37 and increases for 0.37 < c < 0.6. The drag
is nearly unchanged in the ranges of c < −0.2 and c > 0.6.
Unlike the blowing/suction control by Min et al. (2006), the
drag reduction is achieved with the downstream traveling
wave in the case of wall heating/cooling.
Figure 4 shows the RSS distributions for k = 1.5 under
different wavespeeds, c = 0, 0.27, and 0.4. For the down-

stream traveling wave at c = 0.27, where the maximum drag
reduction is obtained, it is clearly observed that negative
(positive) Reynolds shear stress is produced in the region
near the lower (upper) wall; whereas for the maximum drag
increasing case, at c = 0.4, the Reynolds shear stress are
positive and negative in the regions near the lower and upper walls, respectively. For the standing wave, c = 0, the
Reynolds shear stress takes slightly negative and positive
value in the same region.
Figures 5 show the disturbance fields at c = 0.27 and
k = 1.5 which produced the maximum drag reduction. The
buoyancy force is induced by temperature disturbance (T 0 )
as shown in Fig. 5(a), due to the heating/cooling applied to
the walls. Accordingly, as shown in Fig. 5(b), the positive
and negative wall-normal velocities (v 0 ) are induced in the
regions of positive and negative T 0 , respectively. Figure 5(c)
shows that the streamwise velocity (u0 ) is generated as the
response of the system. Due to the subtle phase lead of
u0 near the walls, u0 and v 0 become non-quadrature and
non-zero values of −u0 v 0 are created in the regions near the
walls, as shown in Fig. 5(d). This −u0 v 0 is asymmetric:
negative (positive) values appear more frequently near the
lower (upper) wall and this contributes to the Reynolds shear
stress distribution as observed in Fig. 4.
DIRECT NUMERICAL SIMULATION
The drag reduction effect by the present control in a
fully-developed channel flow is investigated by means of direct numerical simulation (DNS). The DNS code is based on
the channel flow code by Fukagata et al. (2006), which is
originally developed for the pipe flow (Fukagata and Kasagi,
2002). The governing equations are incompressible and three
dimensional continuity, Navier-Stokes and energy equations.
For a spatial discretization, the energy conservative secondorder finite difference method for the advection term and
the second-order central differential method for the viscosity term are employed. The temporal integration is done
by using the low-storage third order Runge-Kutta/CrankNicolson (RK3/CN) scheme. A velocity and pressure are
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Figure 8: Time history of the skin-friction drag, D, by the
different wavenumber compared with the uncontrolled flow.
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of the Richardson number, Ri, at the fixed wavenumber and
wavespeed, k = 1.5 and c+ ≈ 32, respectively. Broken line,
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coupled by delta-form fractional step method. The fast
Fourier transform (FFT) in the streamwise and the spanwise
directions and the tridiagonal matrix in wall-normal direction are used to solve the pressure Poisson equation. The
flow domain is set to be Lx ×Ly ×Lz = 4πδ×2δ×3.5δ and the
number of grids are Nx ×Ny ×Nz = 256×96×128. The mass
flow rate is kept constant. All simulations is started from a
velocity field of an uncontrolled fully developed channel flow.
The Reynolds number is Re = 4200 based on the channel
half-height and the laminar centerline velocity, which corresponds to Reτ ≈ 180 based on the friction velocity, uτ ,
of the uncontrolled flow. The boundary condition used is
the same as that used for the linear analysis in the previous
section.
Figure 6 shows the time-averaged friction drag, D, as a
function of the wavespeed, c+ , for the different wavenumbers, k. The superscript of + denotes the wall unit of
the uncontrolled flow. The Richardson number is fixed at
Ri = 0.2. The friction drag is found to increase for the cases
of c+ ≈ 0. For faster wave (i.e., the cases of larger |c|),
the friction drag takes similar values to that of the uncon-
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Figure 9: Profile of the Reynolds shear stress. The lines are
the same as Fig. 8.
trolled flow. In any cases, significant drag reduction like the
control by blowing/suction of Min et al. (2006) or that of
heating/cooling in laminar flows (presented in the previous
section) is not observed. Only small amount of drag reduction is observed at c+ ≈ 32 and k = 1.5. In the followings,
we focus on the flow field of this case.
Figure 7 shows the time-averaged friction drag as a function of the Richardson number, Ri, at k = 1.5 and c+ ≈ 32.
The friction drag is slightly reduced at Ri = 0.2. However,
for Ri > 0.4, D is found to be nearly proportional to the
Richardson number. It is indicated that the strong buoyancy force increases the friction drag, but a relatively weak
buoyancy force can induce slight drag reduction.
Figure 8 shows the time history of the friction drag in
`
´
`
´
the cases of k = 0.5 λ+ ≈ 2200 , k = 1.0 λ+ ≈ 1100 and
` +
´
k = 1.5 λ ≈ 740 , and the uncontrolled flow. Here, λ+
is the wavelength of the traveling wave in the wall unit and
t = 0 denotes the time instance when the control begins. The
Richardson number and the wavespeed are fixed at Ri = 0.2
and c+ ≈ 32, respectively. Slight drag reduction (≈ −3.1%)
is obtained at k = 1.5. As the wavenumber is decreased, the
drag is increased, i.e., 5.7% for k = 1.0 and 31% at k = 0.5.
The turbulence statistics is computed by averaging over
the homogeneous direction as well as in time after the flow
reaches the steady state. The temporal average is taken in
the period of t+ ≈ 1100 − 2200.
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The RSS profiles for different wavenumbers are shown in
Fig. 9. It is observed that the RSS decreases as increasing
the wavenumber. The peak of the RSS at k = 1.5 is slightly
smaller than that of the uncontrolled flow. According to
Eq. (1), the skin-friction drag is the y-weighted integration
of the RSS: the slight drag reduction observed above is due
to the reduced RSS in the region near the wall.
Figures 10 show the root-mean-square (rms) of the velocity components and the temperature for different wavenumbers. As shown in Fig. 10(a), the rms streamwise velocity for
k = 1.5 almost collapses with that of the uncontrolled flow.
For the cases other than k = 1.5, it increases in the channel
center region as decreasing the wavenumber. Figures 10(b)
and (c) reveal that the rms wall-normal and spanwise velocities for the case of k = 1.5 are slightly reduced as compared
to those of the uncontrolled flow, which indicates that the
cross-sectional motion (such as that by the quasi-streamwise
vortex) is slightly suppressed by the control input. It is
also observed in Figs. 10(b) and (c) that higher wavenumber
causes increase of the rms wall-normal and spanwise velocities throughout the channel. Figure 10(d) shows the rms
temperature profiles. Stronger fluctuations are observed for
higher wavenumbers. This is consistent with the trend in the
wall-normal velocity fluctuations, which is additionally generated by the buoyancy force. Due to the system response,
the rms spanwise velocity also increases. Although the rms
temperature of k = 1.5 case is almost unchanged from that
of the uncontrolled flow, the buoyancy force seemingly works
to slightly suppress the velocity fluctuations.
Figure 11 shows the mean temperature profiles for different control wavenumbers. Due the symmetric control input

and the gravitational force, the mean temperature becomes
antisymmetric. For instance, for the case of k = 0.5, it is
negative in the region near the wall at 0 < y + < 28 and
positive at y + > 28 in the lower half of channel. The peak
of the temperature in the region near the wall decreases as
increasing the wavenumber. In fact, there is a equation between mean temperature and −v 0 T 0 (Fukagata et al, 2005)
which reads,
Z y “
”
Nu
−
−v 0 T 0 dy,
T =
(13)
4PrRe
−1
here Nu is a Nusselt number. This identity equation suggests that the decreased temperature is due to the decreased
turbulent heat flux, −v 0 T 0 shown in Fig. 12.
CONCLUSIONS
Skin-friction drag reduction by the traveling wave-like
surface heating/cooling in the channel flow is investigated
numerically.
For the laminar flow, the linear analysis suggests that
significant amount of drag reduction can be achieved by
downstream traveling waves. The buoyancy force induced
by the surface heating/cooling generates the non-quadrature
between the disturbance velocity components, resulting in
the skin-friction drag reduction.
For the fully developed turbulent channel flow, direct
numerical simulation reveals that slight drag reduction can
be obtained by downstream traveling waves. The friction
drag, however, increases from the uncontrolled flow for lower
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wavenumbers and stronger buoyancy forces. The control
input with larger wavenumber generates the larger temperature fluctuations; the later temperature fluctuations create
the velocity fluctuations due to the buoyancy force term. It
is also found that the turbulent heat flux can create nonzero profile of the mean temperature despite the essentially
symmetric spatial distribution of the control input.
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